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In this paper, we investigate the ground-state properties of a bosonic Tonks-Girardeau gas confined
in a one-dimensional periodic potential. The single-particle reduced density matrix is computed
numerically for systems up to N = 265 bosons. Scaling analysis of the occupation number of the
lowest orbital shows that there are no Bose-Einstein Condensation(BEC) for the periodically trapped
TG gas in both commensurate and incommensurate cases. We find that, in the commensurate case,
the scaling exponents of the occupation number of the lowest orbital, the amplitude of the lowest
orbital and the zero-momentum peak height with the particle numbers are 0, -0.5 and 1, respectively,
while in the incommensurate case, they are 0.5, -0.5 and 1.5, respectively. These exponents are
related to each other in a universal relation.
PACS numbers: 03.75.Lm, 05.30.Jp, 03.75.Hh
I. INTRODUCTION
With the development of optical lattices and atom chip
traps, quasi-one-dimensional cold atom systems have
been realized by tightly confining the particle’s motion
in two directions to zero-point oscillation [1–3]. Mean-
while, by using the Feshbach resonance or tuning the
effective mass of particles moving in a periodic potential
[1, 4], the inter-particle scattering length can be tuned
to almost any value desired. These progresses have led
to experimental realizations of the one-dimensional (1D)
exactly solvable model that describes an interacting Bose
gas [5–8].
At very low temperatures and densities, a 1D Bose gas
is expected to behave as a gas of impenetrable particles
known as hard-core bosons [9–11]. In particular, two
recent experiments successfully achieved the so-called
Tonks-Girardeau (TG) regime and made the TG gas a
physical reality [1, 2]. Physically, a TG gas is defined
to be a 1D strongly correlated quantum gas consisting
of bosons with hardcore interaction. This model of a 1D
Bose gas was first proposed by Tonks in 1936 [12]. As
a milestone development to the model, Girardeau solved
the model exactly by the famous Bose-Fermi mapping
[5, 8, 13], where the TG gas has been mapped to a spinless
free fermion gas. Recently, it was found that the above
case is just a special case of a general mapping theorem
between bosons and fermions in one dimension, where
the particles can interact with finite strength [14, 15].
Since the TG gas is both theoretical exactly solvable
and experimentally accessible, there are great research
interests recently in the TG gas with different trapping
potentials [16–32]. A review on relevant studies in this
interesting subject can be found in a recent article by
Yukalov and Girardeau [13]. In particular, Lin and Wu
investigated the ground-state properties of a TG in peri-
odic potentials [28]. They used a Monte Carlo integration
technique to compute the single-particle reduced density
matrix (SPRDM) for systems up to N = 7 bosons. Their
analysis of the ground state shows that when the number
of bosons N is commensurate with the number of wells
M in the periodic potential, the boson system is a Mott
insulator whose energy gap is given by the single-particle
band gap of the periodic potential; however, when N is
not commensurate with M , the system is a metal (not a
superfluid). The purpose of this work is to compute the
SPRDM for large systems containing more than 200 par-
ticles, and then study scaling relations, make quantitative
predictions for scaling exponents of the ground-state oc-
cupation numbers, and obtain zero-momentum peak in
different phases. We put particular emphasis on examin-
ing the ground-state occupation in the two phases of the
system.
The remaining of this paper is organized as follows.
In Sec. II, we introduce the model Hamiltonian of the
system and describe the single-particle eigenstates and
eigenvalues which will be used. In Sec. III, we apply
the Bose-Fermi mapping theorem to construct the exact
many-body ground state wave function. In Sec. IV, we
devote ourselves to study the many-body properties of
the TG gas. Finally, summary and conclusions are given
in Sec. V.
II. MODEL HAMILTONIAN AND
SINGLE-PARTICLE EIGENSTATES
A. Model Hamiltonian
We consider a gas of N hardcore bosons trapped in a
tight atomic waveguide. The waveguide restricts strongly
the dynamics of the gas in the transversal directions, such
that in the low temperature limit we can define our model
in the longitudinal direction only. In this direction we
consider a periodic potential such that the many-particle
Hamiltonian at low density can be written as
H =
N∑
j=1
[
− h¯
2
2m
∂2
∂x2j
+ V (xj)
]
, (1)
2where m is the mass of a single boson, V (x) = V (x +
d), the periodic potential with d being the period. In
this work, we use the Kronig-Penney (KP) potential as
a candidate for the periodic potential, which takes the
form
V (x) = γ′
M∑
j=1
δ(x − jd) (2)
where γ′ is the strength of the δ-function potential and
M is the total number of periodic wells.
B. Eigenstates and eigenvalues of periodic
potential
We impose the usual periodic boundary conditions and
use d as the unit of distance and h¯2/(2md2) as the unit
of energy. Then we arrive at the following dimensionless
single-particle Hamiltonian,
H = − ∂
2
∂x2
+ γ
M∑
j=1
δ(x − jd). (3)
where γ = 2md2γ′/(h¯2d). This single-particle Hamilto-
nian can be solved exactly. We review the result for later
computation. The Bloch wave functions take the form
ψα(x) = Cα[sin(kαx) + e
−iKα sin[kα(1− x)]], 0 ≤ x ≤ 1,
ψα(x) = e
iKα[x]ψα(x − [x]), 1 ≤ x ≤M. (4)
The eigenenergy is
Eα = k
2
α (5)
where kα satisfies the transcendental equation
cos(kα) + γ
sin(kα)
2kα
= cos(Kα), (6)
with
Kα =
2piα
M
, α = 0,±1,±2, · · · ± M − 1
2
. (7)
and the normalization constant for the Bloch wave func-
tion is given by
Cα =
√
kα
M [kα − 12 sin(2kα) + cosKα(sin kα − kα cos kα)]
.
(8)
III. BOSE-FERMI MAPPING THEOREM AND
MANY-BODY WAVE FUNCTIONS OF THE TG
GAS
For a system of N identical hardcore bosons in the 1D
external potential V (x), the bosons interact with each
other by impenetrable pointlike interactions, which can
be more conveniently treated as a boundary condition for
the many-body wave function ΨB(x1, x2, . . . , xN , t):
ΨB(x1, x2, . . . , xN , t) = 0 if xi = xj , 1 ≤ i < j ≤ N. (9)
Then the hardcore boson gas can be considered as a
free boson gas governed by the following free Schro¨dinger
equation,
i
∂
∂t
ΨB =
N∑
j=1
[
− ∂
2
∂x2j
+ V (xj)
]
ΨB, (10)
where the wave function ΨB satisfies the hardcore bound-
ary condition of Eq. (9). Based on the observation that
the hardcore boundary condition of Eq. (9) is automat-
ically satisfied by a wave function of fermions due to its
antisymmetry, Girardeau [5, 8] gave the exact many-body
wave function of the hardcore boson system via the fa-
mous Bose-Fermi mapping, which relates the wave func-
tion of hardcore bosons to that of noninteracting spinless
fermions in the same trapping potential:
ΨB(x1, x2, . . . , xN ) = AΨF (x1, x2, . . . , xN , t). (11)
with
A =
∏
1≤i<j≤N
sgn(xi − xj), (12)
where sgn is sign function and A is unit antisymmetric
function which ensures that ΨB has proper symmetry
under the exchange of two bosons. The free fermionic
wave function can be compactly written in a form of the
Slater determinant
ΨF =
1√
N !
DetNm,j=1[ψm(xj , t)]. (13)
where {ψm},m = 1, . . . , N are the single-particle eigen-
states. These eigenstates are governed by a set of uncou-
pled single-particle Schro¨dinger equations,
i
∂
∂t
ψm(x) =
[
− ∂
2
∂x2
+ V (x)
]
ψm(x). (14)
Eqs. (11),(13) and (14) describe how to construct the
exact many-body wave functions of a TG gas in any ex-
ternal potential V (x). Then the wave function of the TG
gas is
ΨB = A(x1, x2, . . . , xN )
1√
N !
DetNm,j=1[ψm(xj , t)]. (15)
where ψm(x) is the single-particle eigenstate in the trap-
ping potential V (x).
In the Bose-Fermi mapping, the many-body ground
state of hardcore bosons is mapped from the many-body
ground state of noninteracting spinless fermions in the
same trapping potential[5, 8]. So to construct the ground
3state wave function of a TG gas, one should choose low-
est N single-particle eigenstates in the slater determinant
of Eq. (15). For the periodic potential that we are con-
sidering in this work, the single-particle eigen functions
are given by Eq. (4), then we can construct the exact
many-body ground state wave function of the TG gas
in the KP potential according to the above procedures.
The ground-state many-body properties of the TG gas in
the KP potential can be extracted from this exact wave
function.
0 25 50 75 100 125
0
25
50
75
100
125
 
 
x
x'
0 25 50 75 100 125
0
25
50
75
100
125
 
 
x
x'
0 25 50 75 100 125
0
25
50
75
100
125
 
 
x
x'
0 25 50 75 100 125
0
25
50
75
100
125
(d)(c)
(b)
 
 
x
x'
(a)
FIG. 1: Single-particle reduced density matrix, ρ(x, x′), of the
TG gas in periodic potential for different particle numbers,
(a)N = 1, (b)N = 45, (c)N = 85, (D)N = 125 when the
number of periodic wells M = 125. All length are in units of
the period of the periodic potential d.
IV. MANY-BODY PROPERTIES OF TG GAS IN
PERIODIC POTENTIALS
In this section we investigate the ground-state prop-
erties of the 1D TG gas in the periodic potential using
the exact ground state many-body wave function of the
previous section.
A. Single-particle reduced density matrix
The many-body wave function ΨB fully describes the
state of the system. However, its form does not transpar-
ently yield physical information related to many impor-
tant observables such as occupation numbers of natural
orbitals and the momentum distributions. The expecta-
tion value of one-body observables are readily obtained
from the SPRDM,
ρ(x, x′) = N
∫
dx2 · · ·xNΨ∗B(x, x2, . . . , xN )
×ΨB(x′, x2, . . . , xN ), (16)
Its diagonal elements are the position density distribu-
tion, which satisfies the normalization condition∫
ρ(x, x)dx = N (17)
Although the exact many-body wave function of the
TG gas can be written in a compact form, the calculation
of the SPRDM is a difficult task as it is very time consum-
ing to calculate multidimensional integrals in SPRDM for
a large system [18–25, 33, 34]. However, in the TG limit
the SPRDM can be written in a matrix product form in
terms of single-particle eigenstates [29]
ρ(x, x′) =
N∑
i,j=1
ψ∗i (x)Aij(x, x
′)ψj(x
′). (18)
Here the N ×N matrix A(x, x′) = {Aij(x, x′)} takes the
form,
A = (P−1)TDet P (19)
where the entries of the matrix P are Pij(x, x
′) = δi,j −
2
∫ x′
x
ψ∗i (t)ψj(t)dt, and we can assume x < x
′ without
loss of generality.
In addition, we observe that the SPRDM in the peri-
odic potential we are considering satisfies
ρ(x+ 1, x′ + 1) = ρ(x, x′), (20)
which can be easily derived from the properties of Bloch
wave functions. These formalism of the SPRDM enable
us to calculate considerable large systems of the TG gas.
The SPRDM expresses self-correlation and one can
view ρ(x, x′) as the probability that, having detected
the particle at position x, a second measurement, im-
mediately following the first, will find the particle at the
position x′. Classically, ρ(x, x′) = δ(x − x′), so the off
diagonal elements of SPRDM come from purely quan-
tum correlations of the particles. Fig. 1 displays con-
tour plots of SPRDM, ρ(x, x′), for different number of
particles N = 1, 45, 85 and 125 respectively, where the
number of wells of the periodic potential M = 125. We
clearly see a characteristic pattern for each value of N :
The SPRDM are largest close to the diagonal elements
which stands for the position density distributions. The
diagonal elements of SPRDM shows oscillations due to
the barrier of the periodic potential which tends to re-
pel the particles and push the particles stay inside the
well. The off-diagonal elements of the SPRDM relate to
off-diagonal long-range order (ODLRO) [35, 36] and we
4can see that the off-diagonal elements are decreasing in
contrast to the diagonal as the number of particles N in-
creases. It means that the repulsive interaction tends to
destroy off-diagonal coherence, so there is no ODLRO for
a system of hard core bosons in a 1D periodic potentials
in the thermodynamic limit. As N =M , the SPRDM is
almost diagonal and the system has diagonal long range
order while lacks ODLRO. This is because the system is a
Mott-insulator phase in the commensurate case where all
the particles are localized. In this case, we can approx-
imate the SPRDM as ρ(x, x′) ≃ ρ(x, x)δ(x − x′), which
will be used in the following sections to predict some in-
teresting results.
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FIG. 2: Occupation numbers of the lowest orbital λ0 as a
function of particle number N in the commensurate case,
N/M = 1, when the periodic potential strength γ = 2.
B. Occupation numbers and natural orbital
The occupation numbers and the natural orbitals are
defined from the SPRDM,∫
dx′ρ(x, x′)φi(x
′) = λiφi(x), i = 0, 1, . . . , (21)
where φi(x), i = 0, 1, 2, . . . are the so called natural or-
bitals, which are the eigenfunctions of the SPRDM and
they represent effective single-particle states. Generally,
the natural orbitals are different from the single-particle
eigenstates. Unless there are some special reasons, such
as translation invariance, the single-particle eigenstates
and natural orbitals are the same plane-wave momen-
tum eigenstates. In trapped systems, there is no sim-
ple relation between them. The corresponding eigen-
value λi is the occupation number of the i-th natural
orbital. The eigenvalue of each orbital gives the popula-
tion probability of that orbital and summation of the oc-
cupation numbers of all the orbitals satisfies
∑
i λi = N .
The SPRDM is diagonal in the basis of natural orbitals,
ρ(x, x′) =
∑
i λiφ
∗
i (x)φi(x
′). The natural orbitals can be
labelled in a descending order according to their eigen-
values, λ0 > λ1 > λ2 · · · .
In a macroscopic interacting system, the existence of
ODLRO is determined by the behavior of ρ(x, x′) as
|x − x′| → ∞ [35, 36]. ODLRO is present if the largest
eigenvalue of ρ(x, x′) is macroscopically non-vanishing
(proportional to N). Which means a macroscopic num-
ber of particles will condense to the lowest orbital. In
this case the system exhibits BEC and the correspond-
ing eigenfunction, the condensate orbital, plays the role
of an order parameter. The fraction of particles that are
in the orbital is related to the largest eigenvalue of the
SPRDM by f0 = λ0/N . Therefore, in analogy to the
macroscopic occupation of a single-particle eigenstate in
the BEC of non-interacting Bose gas, this orbital is some-
times referred to as the “BEC”state and the occupation
number hence acts as a measure of the coherence in the
system.
For the TG gas in periodic potentials, there are two
different phases in the ground state [28]. One is a Mott-
insulator for the commensurate case where N/M is an
integer. In this phase, one or more Bloch bands have
been fully occupied. The other one is a boson conduc-
tor phase for the incommensurate case where N/M is a
fractional number. In this phase, the Bloch bands are
partially occupied. What we are interested in here is
the scaling behavior of the occupation number of lowest
orbital in different phases. Diagonalizing the SPRDM
numerically, we can obtain the occupation numbers of
the lowest orbital for different system sizes.
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FIG. 3: Fractional occupations of the lowest orbital, f0 =
λ0/N , as a function of particle number N , in the incommen-
surate case, N/M = 3/5, when the periodic potential strength
γ = 2.
We have shown the occupation number of the lowest
orbital, λ0, with particle numbers N , in the commen-
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FIG. 4: (Color online) Finite size scaling analysis of the oc-
cupation number of the lowest orbital in the incommensurate
case, N/M = 3/5, when the periodic potential strength γ = 2.
surate case (the lowest Bloch band has been fully occu-
pied) when γ = 2 in Fig. 2. From the figure, we ob-
serve that the occupation number of the lowest orbital
increases with the increase of the system size initially
and then saturate to a constant as the particle number
increases further. So the occupation number of the lowest
orbital shows λ0 ∼ Nα with α = 0 in the Mott-insulating
phase. The zero-exponents of the occupation numbers of
the lowest orbital can also be derived from the approx-
imation, ρ(x, x′) ≃ ρ(x, x)δ(x − x′). From Eq.(21), we
have ∫
dx′ρ(x, x)δ(x − x′)φi(x′) = λiφi(x), (22)
ρ(x, x)φi(x) = λiφi(x), (23)
ρ(x, x) = λi. (24)
where ρ(x, x) is the position density distribution, which
are the same for the TG gas and its fermionic counter-
part,
ρ(x, x) =
∑
i
|ψi(x)|2. (25)
Then we have
λ0 = Max{ρ(x, x)}. (26)
The position density distributions satisfy
∫
ρ(x, x)dx =
N . Meanwhile, the position density distributions are pe-
riodic with period of 1 in the periodic potential, which
can be clearly observed from Fig. 1. So the position den-
sity distributions are normalized inside each well, which
is independent of the system size in the commensurate
case. Then the maximum of ρ(x, x) is also independent
of the system size, Max{ρ(x, x)} ∼ N0. Thus we have
λ0 ∼ N0. (27)
So this confirms our numerical result, λ0 ∼ N0, which
is shown in Fig. 2, in the Mott-insulating phase. Thus
we can infer that there is no BEC for the periodically
trapped TG gas in the commensurate case.
The fractional occupation of the lowest orbital, f0 =
λ0/N , as a function of particle number N , in the incom-
mensurate case, N/M = 3/5, and γ = 2 is displayed
in Fig. 3. We see that the fractional occupation of the
lowest orbital in the incommensurate case decreases with
the increases of the particle number and will vanish in
the thermodynamic limit. Doing finite size scaling of the
occupation number of the lowest orbital in Fig. 4, from
which we find that the occupation numbers of the lowest
orbital λ0 shows power law dependence on the particle
number N of the system in the incommensurate case,
i.e λ0 ∼ Nα with α = 0.51 for the number of parti-
cles up to N = 249. In Table I, we have made a list of
the best converged exponents and the number of parti-
cles involved. Simple scaling arguments presented below
show that the exponents will converge to 0.5 in the ther-
modynamic limit. This behavior of periodically trapped
hard-core bosons in the incommensurate case is similar to
the uniform system of hard-core bosons [25, 33] and har-
monically trapped hardcore bosons [24, 25]. So there is
also no BEC behavior for periodically trapped hardcore
bosons in the incommensurate case.
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FIG. 5: (Color online) Scaled lowest natural orbital
√
Nφ0(x)
for N = 25(full line), N = 81 (dashed line), and N = 165
(dashed-dotted line) bosons in the incommensurate case,
N/M = 3/5, when the periodic potential strength γ = 2.
The amplitude of the lowest natural orbitals are in units of
1/
√
d and the length is in units of the period of the periodic
potential d.
We display the scaled lowest natural orbital
√
Nφ0(x)
for N = 25, 81, 165 in the incommensurate case in Fig. 5.
The lowest natural orbital in the incommensurate case
are periodic with period of 1, so we show the natural
orbitals in one period only. We observe that the scaled
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FIG. 6: (Color online) Off-diagonal element ρ(0,M/2) as a
function of particle number N in the incommensurate case,
N/M = 3/5, when periodic potential strength γ = 2. The
off-diagonal element ρ(0,M/2) is in units of the inverse of the
period of the periodic potential 1/d.
lowest natural orbitals are N -independent function that
depends only on the variable x as N increases. We find
that the amplitude of the lowest natural orbital in the
incommensurate case scales as φ0(x) ∝ Nβ with β =
−0.5. This scaling behavior is expected as the natural
orbitals are normalized and extend from 0 to M(in the
order of N). Similarly, the lowest natural orbital in the
commensurate case is also periodic with period of 1 due
to the presence of periodic potential. The natural orbitals
are all normalized,
∫ |φ0(x)|2dx = 1, then the amplitude
of the lowest orbital also scales as φ0(x) ∝ Nβ with β =
−0.5 in the commensurate case.
The scaling behavior of diagonal elements of SPRDM
is N0, as
∫
ρ(x, x)dx = N and x extends over an in-
terval in the order of N . We know the off-diagonal ele-
ments qualitatively decrease as N increases from Fig. 1,
to see this more clearly, we do finite size scaling of the
off-diagonal elements, ρ(0,M/2) , of SPRDM in Fig. 6.
It is clear from the figure that, with the increases of the
particle number N , the interaction in the system gets
stronger, then the off-diagonal element decreases. This
indicates that the interaction suppresses the off-diagonal
terms. Secondly, we find that off-diagonal element scales
as ρ(0,M/2) ∝ N−1/2 with the particle number N .
These findings are particularly interesting, because
they allow us to predict the scaling behavior of the occu-
pation number of the lowest orbital λ0 in the incommen-
surate case. From Eq.(21), we have
λ0φ0(0) =
∫
ρ(0, x′)φ0(x
′)dx′ ∼ N−0.5N−0.5 ×N
∼ N0 (28)
where φ0(0) is non-zero as the finite strength of the pe-
riodic potential we are considering, which also scales as
φ0(0) ∼ N−0.5. Therefore, we have obtained the scaling
behavior of the occupation number of the lowest orbital
in the incommensurate case,
λ0 ∼
√
N. (29)
Number of particles N Scaling expoents α (λ0 ∼ Nα)
25 0.56
45 0.54
105 0.52
249 0.51
∞ 0.5
TABLE I: Comparison of best converged scaling exponents
of the occupation number of the lowest natural orbital in the
incommensurate case and particle number involved.
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FIG. 7: (Color online) Normalized momentum density distri-
butions for N = 15 (solid line), N = 81(dashed-dotted line)
and N = 245 (dotted line) bosons in the commensurate case,
N/M = 1, when the periodic potential strength γ = 2. The
momentum k is given in units of the inverse of the period of
the periodic potential, 1/d, and the momentum density is in
units of the period of the periodic potential d.
C. Momentum density distribution
Although the position density profiles and energy spec-
trum are exactly the same between the hardcore boson
gas and its corresponding spinless free fermion gas due
to Bose-Fermi mapping theorem, the momentum density
distributions differ considerably from each other [28, 32].
The momentum density distributions can be obtained
from the SPRDM as
n(k) = (2pi)−1
∫
dxdx′ρ(x, x′)e−ik(x−x
′). (30)
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FIG. 8: (Color online) Zero-momentum peak, n(0), as a
function of particle number N in the commensurate case,
N/M = 1, when the periodic potential strength γ = 2. n(0)
is in units of the period of the periodic potential d.
Obviously, the momentum density distributions satisfy∫
n(k)dk = N. (31)
The normalized momentum density distributions of pe-
riodically trapped TG gas in the commensurate case are
shown in Fig. 7 for various particle numbers. We see
that the normalized momentum density distributions of
the TG gas has a bosonic structure, which has peaks at
k = 0 and the profiles are narrow. While its fermionic
counterpart, the spinless free fermion gas, has a broad
Fermi momentum distributions. Although a TG gas has
the same energy spectrum and position profiles with its
fermionic counterpart, their momentum distributions are
very different. In addition, the profiles of normalized
momentum distributions are nearly unchanged with the
increase of the system sizes in the commensurate case.
This is because the periodically trapped TG gas in the
commensurate case is a Mott-insulating phase, so parti-
cles are localized in the real space. In the language of
matter waves, the wave packages of the particles have
no overlapping. With the increase of system size, the
particles do not affect each other in any essential way.
The oscillations in the momentum density distributions
come from the finite size effect, it will vanish in the ther-
modynamic limit. What is more interesting here is that
we find the momentum density distributions have same
zero momentum peaks after rescaling. Then we plot n(0)
as a function of particle number N in Fig. 8. It clearly
shows that n(0) ∝ Nγ with γ = 1 in the commensurate
case. Similar behavior has been found for the TG gas
in the harmonic trap [24]. In the commensurate case,
which is the Mott-insulating phase, we can approximate
the SPRDM as ρ(x, x′) ≃ ρ(x, x)δ(x−x′), then the zero-
momentum density can be obtained as
n(0) = (2pi)−1
∫
dxdx′ρ(x, x′) (32)
≃ (2pi)−1
∫
dxdx′ρ(x, x)δ(x − x′) (33)
≃ (2pi)−1
∫
dxρ(x, x) (34)
≃ (2pi)−1N (35)
which confirms our numerical result shown in Fig. 8.
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FIG. 9: (Color online) Normalized momentum density distri-
butions for N = 45 (dash-dotted line), N = 105 (dashed line)
and N = 249 (solid line) bosons in the incommensurate case,
N/M = 3/5, when the periodic potential strength γ = 2. The
momentum k is given in units of the inverse of the period of
the periodic potential, 1/d, and the momentum density is in
units of the period of the periodic potential d.
The normalized momentum density distributions of pe-
riodically trapped TG gas in the incommensurate case
are shown in Fig. 9 for various particle numbers. We
see that, in the incommensurate case, the profiles of the
normalized momentum density distributions become nar-
rower with the increase of the system sizes, which is dif-
ferent from that in the commensurate case we discussed
above. This is because in the incommensurate case, the
system is a boson conductor, so the spatial distribution
become more uniform as the system size increases due
to many body repulsions of the particles. The small os-
cillations in the momentum profiles come from finite size
effects and it will vanish in the thermodynamic limit. We
do finite size scaling of zero-momentum peak with the
particle number in the incommensurate case in Fig. 10,
and we found, up to particle number N = 249, the zero-
momentum peak n(0) ∝ Nγ with γ = 1.51. A univer-
sal relation among the scaling exponents of the ground-
state occupation, the amplitude of the lowest natural or-
bital, and the zero-momentum peak height presented be-
low shows that the exponent of the zero-momentum peak
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FIG. 10: (Color online) Zero-Momentum peak, ln[n(0)], as
a function of particle number, ln(N), in the incommensurate
case, N/M = 3/5, when the periodic potential strength γ = 2.
n(0) is in units of the period of the periodic potential d.
will converge to 1.5 for the incommensurate case in the
thermodynamic limit.
To find a universal relation among various exponents
presented above, we follow similar arguments of reference
[24]. The zero momentum peak is calculated as
n(0) = (2pi)−1
∫
dxdx′ρ(x, x′) (36)
= (2pi)−1
∫
dxdx′
∑
j
λjφj(x)φj(x
′) (37)
= (2pi)−1
∫
dxdx′λ0φ0(x)φ0(x
′) (38)
+(2pi)−1
∫
dxdx′
∑
j>0
λjφj(x)φj(x
′) (39)
∝ λ0
∫
dxdx′φ0(x)φ0(x
′). (40)
Here we first express the SPRDM in the basis of natural
orbitals where it is of a diagonal form. Then we dis-
carded the contributions from higher orbitals since the
occupations of higher orbitals are small. Meanwhile, the
lowest orbital has even parity (no node) while the higher
orbitals have node, so the integral of higher orbitals leads
to cancellations.
If we define n(0) ∼ Nγ , λ0 ∼ Nα and φ0(x) ∼ Nβ,
then we have a universal relation among these exponents,
γ = α− 2β. (41)
Similar relation has been found in harmonically trapped
hardcore boson gas [24]. However, we would like to stress
that the scaling relation we found in Eq.(41) is more gen-
eral, as it is valid for hardcore boson gas in various trap-
ping potentials.
Scaling Exponents α β γ
Ideal Bose gas 1 -0.5 2
Uniform TG gas[25, 33] 0.5 -0.5 1.5
Harmonically trapped TG gas[24, 25] 0.5 -0.25 1
Periodically trapped TG gas(Mott phase) 0 -0.5 1
Periodically trapped TG gas(Superfluid phase) 0.5 -0.5 1.5
TABLE II: Comparison of scaling exponents of the occupa-
tion number of the lowest orbital, the amplitude of the lowest
orbital and the zero-momentum peak height for the TG gas
in different trapping potentials.
We summarize the various scaling exponents for the
hardcore bosons in different trapping potential in Table
II. From Table II, we see that the scaling exponents of TG
gas in different trapping potentials are quite different but
these exponents are related to each other in a universal
relation Eq. (41).
One may be confused why n(0) ∝ N2 rather than
n(0) ∝ N , for the ideal Bose gas, this comes from the
difference between continuous case and discrete case,∫
n(k)dk = N, (42)
while ∑
k
nk =
∑
k
〈a†kak〉 = N. (43)
So in the thermodynamic limit, where N → ∞, L → ∞
and N/L→ const, we have
n(k) =
L
2pi
nk ∝ Nnk = N〈a†kak〉, (44)
Therefore for the ideal gas,
n(0) ∝ N〈a†0a0〉 ∝ N2. (45)
V. SUMMARY AND CONCLUSIONS
We have investigated the ground-state properties of
a 1D TG gas trapped in a periodic potential. Based on
the exact many-body wave function, obtained from Bose-
Fermi mapping theorem, we have calculated the SPRDM
numerically for systems containing more than 200 parti-
cles by employing the technique that the SPRDM can
be expressed in a matrix product form in the TG gas
limit. We have observed that, with the particle num-
ber increases, the SPRDM is almost diagonal which lacks
ODLRO. The scaling analysis of the occupation numbers
of the lowest orbital shows that there are no BEC for the
periodically trapped TG gas both in the commensurate
case and in the incommensurate case. We found that, in
the commensurate case, the scaling exponents of the oc-
cupation numbers of the lowest orbital, the amplitude of
9the lowest orbital and the zero-momentum peak height
scale with the particle numbers are 0, -0.5 and 1 respec-
tively, while are 0.5, -0.5 and 1.5 respectively in the in-
commensurate case. These exponents are related to each
other by a simple relation.
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